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1. THE COMBINAHEDRON

The combinahedron C(r,n) is the graph such that:

—the nodes are rearrangements of the word (1,...,1,2,...,n)
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—two nodes are connected if and only they differ by two

adjacent entries.

It is a generalization of the well-known permutahedron. We can
embed the combinahedron [1] into a hyperplane of R" such that
every edge has length v/2:
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Figure 1:The embedding of C(2,4), from [1]

The polytope Pg(,,) obtained as the convex hull of the em-
bedding is a zonotope: it is the image of the (Z)—dimensional
hypercube into R™ by a linear map induced by

Wi fo o € — €; ifl<i<j<n
KA r(ej—e;) ifi=land1<j<n

with (fi;) (i.jye() denoting the canonical base of R(:) and
(€i)ie[n] the canonical base of R™.

Theorem (B+R.A. 2024): The polytope Pe, ) tiles the
hyperplane it lives in.

2. DECOMPOSITION INTO
PARALLELEPIPEDS

We can select some faces of the (Z)—dimensional hypercube to
tile a zonotope with parallelepipeds.

AN

PC’(T,n) = |_| U(HS)
Sc([g]), |S|=n-1
u(.S) independant set

with Ilg denoting the (n—1)-dimensional cube inside R() along
the directions given by S. The volume is |2]:

Vol(Poy) = y Vol (u(Ils))
Se(13)), IS|=n-1
u(.S) independant set

3.CORRESPONDANCE WITH LABELED 5.COMPUTING THE VOLUME

TREES We want to compute Vol(Pr(; ) = Y pdeer(l),

T labeled tree
To an independant set S c ([g])7 we can associate a labeled tree We can relate the degree of vertex 1 in the associated tree T' to

T the number of occurrences of the symbol 1 in the Prufer sequence
parallelepipeds u(Ilg) labeled trees on W:

. n < n
with Sc([Q]),|S|:n—1 {1, i |Cd|1 + 1= degT(l)

If we consider the monomial X, x---x X,  associated to the
word w = wy...wy 9 € {1,...,n}" 2 replacing X; by r and X;
by 1 for 2 > 1 yields

TdegTw(l) — Tle X---XXwn_2(’I“,1,...,1)
> - 5

€1 — €3 r *20~ 6 wr=1 1 6 06 2

We have Vol(u(Ilg)) = ricers(l), 3 ro- Xy Xy Xg Xg Ao
1 r - r r 1 1 1

4
) Thus,
4. PRUFER SEQUENCES Spder@ = S X xeex Xy, (11, 1)
T we{l,...,n}"?
Priifer sequences |3] define a correspondance: _ P(Xp e+ X)) 21, 1)

set of labeled trees on {1,...,n} «—set {1,...,n}"2,

6.VOLUME OF THE COMBINAHEDRON

Theorem (B+4R.A. 2024): The volume of the combinahedron is Vol(Pe () = 7(r +n—1)"=2.

7. THE VOLUME OF ANOTHER ZONOTOPE

We can compute the volume of the zonotope P(ri,...,r,) defined in [4] as the Minkozski sum ¥ r;[e;, e;]: it is the image of the
1<

(g)—dimensional hypercube by the linear map induced by wu : f{i,j} — fr‘j(ei — ej) if 1<j.

> r?egT(l) Corieer(n) where degy (1) = [Voisp (i) n 1]
. 3 . o T labeled tree .
We introduce another bijection similar to Prufer sequences, called the dominant tree code:

In a similar way, we get Vol(P(ry,...,m,)) =

set of labeled trees on {1,...,n} «<—set {1,...,n}""*

The word 7 associated to the tree T' satisfies a new property:

) (i/é\gT(l) Td/\egT(”)
1 e o o n .

Evaluating the monomial r,, X XT(ll) X oo X XT(:j associated to 7p on (X Z-(j ) Tmax(mﬂ))z-,j yields 7

5
7o~ —— 6 wr = 0 1 1 0 2
2
3 X X0 X0 X0 X0
1 rr « Tg T3 T4 T6 T6
4
We get
I RO S XUk XU )
T labeled tree re{l,...n}n"2

Theorem (B+R.A. 2024): Vol(P(r,...,1)) =rn(2ra+ 15+ +1,)(Brg+ru+ - +75) ... ((n = D)rpy +170)

S.NEW TREE CODING:
SYMBOLS-EDGES CORRESPONDANCE

Both encodings vield a correspondance between the characters
of the sequence and the edges of the tree.

op: letters of wp-n «— edges ot T'

¢p : letters of 77 -n <— edges of T

such that:

—The oriented edge ¢p(3) in Tp originates from node (wr-n),

—The oriented edge ¢p(3) in Tp originates from the node
labeled max (i + 1, (wr-n);)

with two different orientations T;, Tp on the tree T

Figure 2:Orientation Tp of T as a rooted tree with root 7.

( 1 2 3 4 D 0
(wr-n); 1 1 6 6 2 7

¢P(Z) (173) (174) (671) (675) (276) (772)

Figure 3:0Orientation TB of T such that + - jif 7>

i 1 2 3 4 5 6
(rp°m); 6 1 1 6 2 7T

QSD(Z) (671) (371) (471) (675) (672) (772)

These properties are the key to getting the previous results.
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