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e Persistence diagram

o D(fi)

o Bar code in birth/death space
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e Persistence diagrams

o Bipartite assignment W, (D(f£;),D(f;)) = min ( Y dz(p,-,¢(p,-))2)
o Features treated independently Pi€D(f;)

1/2
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e Merge trees [Pont '21]
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e Merge trees [Pont '21]
o Partial (rooted) isomorphisms

o Capture global structure Wy (B(f:),B(f;)) = min ( Y dz(pi,¢'(pi))2)
OEP] N pieB(f)

1/2



Wasserstein distance

e Merge trees [Pont '21]

o Partial (rooted) isomorphisms ,
o Capture global structure W, (B(fi),B(f;)) = mig, ( Y. d(pilo’(pi)) )
o Geodesic: vector in R2%IB(f)] picB(fi)

1/2
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Wasserstein barycenters

e Fréchet energy

N 2
Er(B) = ;WzT (B,B(f,-))

e Algorithm [Pont' 21]
o |terative Assignment/Update
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e Input

P = {p1,p2,...,pn} IN R4 N 4

e PCA Er,(Bga) = Z 1pj—(on+ ) o bi) I3
j=1 i=1
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Overview

e BDT Basis
o Barycenter
o Geodesic axis

o Orthogonal axes

e Estimation
o AXxis projection

o Translated axis

N
Eyg (Bs) = Y. W) (B(f)),

J=1
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e Fixed assignments
o Convex energy

e [terative Algorithm

o Assignment/Update
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Geodesic enforcement

! 1
L 4
: P ¢’ @ 5*
e AXxis optimization
o Axis vectors ® &
m Optimized freely = G before
m May not be geodesic — . after

e Geodesic enforcement
o Re-compute the assignments
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Negative collinearity enforcement

e Axis optimization
o Axis vectors
m Optimized independently
m May not be collinear

e Negative collinearity enforcement
o Updated geodesics

Ga — B’ x Vy
Gy —(1-B") x Vg
B =1Ga |1/ (1Ga || +11G 1)

2> e 5
— )]
= = 9_1)51)’ before
- g_{g_{’ after
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Orthogonality enforcement

e Axis optimization
o Axis vectors
m Optimized freely
m May not be orthogonal

e Orthogonality enforcement
o Gram-Schmidt orthogonalization

— G, G,
- (.72)(72)' before
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Benchmark data

e https://github.com/MatPont/WassersteinMergeTreesData
o Publicly available ensembles
= http://sciviscontest.ieeevis.org/
m 12 ensembles oo Ouum  Pumums Ok Eroes WG O Sy L ow

¥ main - | § 1banch ©0tags Gotofile About

SciVis contest ensemble *curated* data.
@ julien-tierny Update README.md 7edff60 on Jul 22,2021 8 commits

O Why GitHub? -~ Team Enterprise Explore - Marketplace Pricing Sear Signin | Sign up |

[ Readme
M 2006_earthquake_3D add scripts Tmonthsage | %r 2stars
. B8 2008_ionization_front_2D add scripts Tmonthsage | O 2watching
' ¥ tfork
B 2008_ionization_front 3D add scripts 7 months ago
. ' B 2014_volcanic_eruptions_2D add scripts 7 months ago
Releases
O | lra IOI‘ \ S( :rl p S a a g rO| lr l - rl l B 2015_dark mater. 3D add scripts 7 morths ago
Noreleases puslished
W 2016_viscous_fingering_3D add scripts 7 months ago
B 2017_cloud_processes_2D add scripts 7 months ago
Packages
B 2018 _asteroid_impact_3D_clustering  add scripts Tmonhsago
B 2018_asteroid_impact_3D_temporal... add scrpts 7 months ago
D NOTESmd fix asteroid ground truth 7monthsa®e | contributors 2
m pcate md & months ago
[ READMEmd Update README ]
L L) L) 6 julien-tierny Julien Tierny
. [ dataAllProcessing.sh add scripts 7 months ago
MatPont Mathieu Pont
[ dateAsteroidimpact.sh ‘add scripts 7 months ago
' [ dataAsteroidimpactTS.sh add scripts 7 months ago
O Agtrophyg|c S D et s
——
[ dataDarkMatter.sh add scripts 7 months ago e Sneil 22
D dataEarthquake.sh add scripts 7 months ago
O e e O rO O g y D datalonizationFront2D.sh add scripts 7 months ago
D datalonizationFront3D.sh add scripts 7 months ago
. .
D dataViscousFingering.sh add scripts 7 months ago
O a e rl a p yS I C S ) dataVolcanicEruptions.sh add scripts 7 months ago
[ getVidalData.sh add scripts 7 months ago
.
: \/Olcal IIC I l leasurel l lel ItS = READMEmd
l ' d ' t Wasserstein Merge Trees Data
o Fluid mechanics, etc.



Time performance

Dataset N | B] PD-PGA MT-PGA

1. 20 c. | Speedup 1e. 20 c. | Speedup
Asteroid Impact (3D) 7 | 1,295 1,392.17 147.40 9.44 1,180.72 117.97 10.01
Cloud processes (2D) 12 | 1,209 817.64 61.88 13.21 517.94 38.49 13.46
Viscous fingering (3D) 13 118 86.69 Y.l 9.45 42.89 4.71 9.11
Dark matter (3D) 40 | 2,592 18,388.86 | 1,366.45 13.46 || 24,480.42 | 1,758.04 13.92
Volcanic eruptions (2D) 12 811 460.17 37.99 12.11 1,004.37 81.75 12.29
Ionization front (2D) 16 135 104.74 12.00 8.73 55.73 6.26 8.90
[onization front (3D) 16 763 3,750.00 300.96 12.46 4,029.71 294.29 13.69
Earthquake (3D) 12 | 1,203 3,896.52 338.64 11.51 1,973.49 158.12 12.48
Isabel (3D) 12 | 1,338 1,969.79 164.49 11.98 1,472.54 115.66 12.73
Starting Vortex (2D) 12 124 17.71 272 6.51 11.51 1.65 6.98
Sea Surface Height 2D) | 48 | 1,787 12,420.98 670.00 18.54 27,791.00 | 1,669.52 16.65
Vortex Street (2D) 45 23 18.75 2.69 6.97 35.79 3.93 9.11

Computation time (s.)




Time performance

Dataset N | B]
Asteroid Impact (3D) 7 | 1,295
Cloud processes (2D) 12 | 1,209
Viscous fingering (3D) 15 118
Dark matter (3D) 40 | 2,592
Volcanic eruptions (2D) 12 811
Ionization front (2D) 16 135
Ionization front (3D) 16 763
Earthquake (3D) 12 | 1,203
Isabel (3D) 12 1,338
Starting Vortex (2D) 12 124
Sea Surface Height (2D) | 48 | 1,787
Vortex Street (2D) 45 23

MT-PGA
20 e

117.97
38.49
4.71
1,758.04
81.15
6.26
294.29
158.12
115.66
1.65
1,669.52
3.95

Computation time (s.)




Energy evolution
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Applications



Data reduction

e Only store
o The basis
o The coordinates

Compression factor: 512



Dimensionality reduction

Volcanic Eruptions

Isabel

PCA MDS t-SNE MT-VEC MT-PGA
® NMI=041| | @ % NMI = 0.66 NMI = 1.00|| [[NMI=0.71 ® NMI = 1.00
ARI =0.17 ARI =041 W ARI = 1.00|| [[ART =0.5 ARI = 1.00
SIM = 0.79 SIM = 0.90)| | ® SIM =0.75)| [lSIM = 0.81 SIM = 0.79
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SIM = 0.50 @ | |[sIM =0.83 © |llsmm =0.89 e ®® S1M =056
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e Wasserstein Auto-Encoders of Merge-Trees (and Persistence Diagrams)

o [EEE TVCG 2024 (presented at IEEE VIS 2024)



Try it with TTK!

o https://topology-tool-kit.github.io/installation.html
o ParaView >= 5.10, Ubuntu, Anaconda, others

TTKExamples

ui 0 |ii;

araView statefile Wy

Karhunen-Love Digits 64
Dimensions

e https://topology-tool-kit.github.io/examples/ [EE=uu——
Screenshots =0 -
Pipeline description
P
)

ython script =

rge Tree Feature Trac
This example first loads an ensemble of scalar fields inside a cinema database from ¢
mputed on each mpute the Split Tree.
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analysis in the metric space of merge trees
rse persistence
ale Quadrangulation Then the filter is used to reconstruct the input trees, to
Nested Tracking From sample evenly trees along the principal geodesics and to sample a discrete grid of merge trees of
Persistence Clustering the PGA basis.
Persistence Clusteri
Adistance matrix is then computed w vith the trees of the grid. This
distance matrix is used as input of mpute a Multibimensional Scaling
g3 (MDS), performing a dimensionality reduction in 3D (and 2D with a second DimensionReduction
R filter) respecting the most the input distance matrix.
stering Gallery
e ONlsteng Finally the and are used to create the 3 surface (and
e Dar bitans the 2D surface). The ProjectionFromTable allows o project the points (reconstructed trees,
i geodesic tr ) to the 3D (or 2D) surface.
In terms of visualisation, a scalar field of each cluster is displayed with a zoom on their right of

Persistent Generators Casting the important persistence pairs. The original trees are displayed alongside their reconstruction at

Persistent Ge DarkSky their right. The persistence pairs of the trees are colored by ID to see what features they

Generators Fertiity correspond to in the scalar field.
Generators Household
Analysis The 3D and 2D surface are displayed with the persistence correlation view at the top right. The 12
scalar fie ed by Cluster ID. Finally, a path drawn with PolyLineSource on the surface i
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e Computational framework for Principal Geodesic Analysis

o Merge trees

o Persistence diagrams
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e Replicable paper

o http://www.replicabilitystamp.org/
o Exact code & data
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e Computational framework for Principal Geodesic Analysis
o Merge trees
o Persistence diagrams

e Applications to ensemble analysis

e Replicable paper

o http://www.replicabilitystamp.org/
o Exact code & data

e Perspectives
o Other topological descriptors
o Towards more advanced ensemble analysis
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Thanks!

e Curated data
o https://github.com/MatPont/WassersteinMergeTreesData

e Paper implementation
o https://github.com/MatPont/MT-PGA

e TTK

o https://topology-tool-kit.github.io/

o https://topology-tool-kit.github.io/examples/
o https://github.com/topology-tool-kit/ttk/

o https://erc-torigithub.io/ ii@rc

o We're hiring!!! TR



Metric spaces for Persistence diagrams

e Vast literature!
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PDs, MTs, BDTs




Branch decomposition tree (BDT)
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Branch decomposition tree (BDT)

e Persistent branch

o Monotonic path

o From a minimum

o Up to its persistence-paired saddle
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Merge trees in Visualization

e Vast litera
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Merge trees for ensemble analysis

e Recent works
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Merge trees for ensemble analysis
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Recent works
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Local normalization

e Nesting condition
o [x5 ,¥5 1 C Wby Vb,)

® Strategy | | JV(bik) _ (%(bik),%(bik))

o Local normalization )

o Distance/Interpolation Ne(bi™) = (xpx — xp,) [ (Vi — X,
o Normalization reversal N5 (b)) = (o — xp,)/ Vb, — Xp,)

e BDT pre-process
o Relative persistence < &
o Until & of their parents
o Default: &g =0.05, & =0.95, &5=0.9
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From PCA to MT-PGA

e Required low-level tools
o Geodesic

o Orthogonal geodesics

o Collinear geodesics

o Geodesic axis

o AXis projection
o Orthogonal axes

o Axis translation
o Orthogonal basis
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Axis translation
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e BDT Basis

o Barycenter

o Geodesic axis
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Error = 4.5e°°

Compression factor: 19.27
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Error = 4.4e’

Error = 3.4e°®




Data reduction

Dataset N B PD-PGA MT-PGA
Factor | Error Factor | Error
Asteroid Impact (3D) 7 | 1,295 2.97 0.07 4.84 0.22
Cloud processes (2D) 12 | 1,209 5.94 0.19 7.39 0.01
Viscous fingering (3D) 15 118 2.23 0.13 4.71 0.02
Dark matter (3D) 40 | 2,592 10.00 0.04 19.27 0.04
Volcanic eruptions (2D) 12 811 9.99 0.12 4.83 0.04
Ionization front (2D) 16 135 2.56 0.14 5.12 0.40
Ionization front (3D) 16 763 3.27 0.17 4.85 0.46
Earthquake (3D) 12 | 1,203 1.42 0.18 2.19 0.33
Isabel (3D) 12 | 1,338 5.49 0.27 9.25 0.05
Starting Vortex (2D) 12 124 1.76 0.07 4.42 0.01
Sea Surface Height (2D) | 48 1,787 19.59 0.18 0.48 0.48
Vortex Street (2D) 45 23 1.86 0.04 11.84 0.02
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Dimensionality reduction

Indicator || PCA | MDS (W,’ ) [66] | t-SNE (W,’)[118] | MT-VEC || MT-PGA
NMI 0.79 0.82 0.88 0.78 0.94
ARI 0.71 0.73 0.84 0.64 0.90
SIM 0.60 0.85 0.75 0.76 0.80
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